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Abstract— In this paper, we study the control of output 
voltage of Free-Piston Stirling Engine Generator (SEG) System. 
The Stirling is normally used by connected to the grid. The grid 
is very robust because grid can be considered as infinite bus. 
When the SEG is applied to the based power-station in the 
remote rural or disaster areas, the SEG must be operated as a 
standalone system or off grid power system, this situation may 
lead to unstable generation. To solve the problem, the ILQ 
(Inverse Linear Quadratic) can be used to realize robust voltage 
controller. In this paper a new power generation system based on 
renewable energy sources is proposed specifically, wood pellet as 
the heat source. Indeed, the condition of the stirling engine is 
based on the voltage Vo.  The experimental results show that up 
to 1.6kW can be generated from the generator system, and 
possible production of around 200L of hot water (45°C). In order 
to rescue us from serious conditions. 

Keywords—Free-Piston Stirling Engine; Biomass; wood Pellet; 
ILQ optimal control; 

I.  INTRODUCTION  
This The extensive use of fossil energies and their scarcity is 

impacting negatively in our global economy. Beside their scarcity, 
fossil fuels are the main cause of our environmental issues and the 
most common is “Global warming”. This phenomenon is caused by 
the emission of several harmful gasses in the atmosphere. On the other 
hand, there are so many sources of renewable energy, easy to use and 
almost pollution-free, all over the world. For instance, biomass which 
is environmentally friendly and highly available. 

In 1816, the Scottish reverend Robert Stirling invented an external 
combustion engine. From its inventor’s name, the Stirling engine is 
also known as an internal heat engine which can run with any heat 
source. In other words, heat can be provided either from fossil fuels or 
clean energy sources such as solar, biomass and so forth. Moreover, 

air, steam, hydrogen or nitrogen are often utilized as working fluids. 
After this great invention, many types of Stirling engine have been 
developed over the years to improve its performance. However, 
starting from the 1962s, a new Stirling engine technology known as 
Free-Piston mechanical design. It has no crankshaft that makes its 
structure very simple, mechanically robust, with low friction loss the 
Free-Piston Stirling Engine (FPSE), was developed by a former Ohio 
University professor William Beale [1][2]. It was confirmed that the 
engine could have a long-life time, safety and high reliability [3]. 
Later, in Beale’s company, FPSE was improved into a Free-Piston 
Stirling Engine Generator (FPSEG). This type of Stirling engine 
contains an integrated linear alternator to convert the mechanical 
energy into electrical power. Through the years, several applications 
have been developed using the FPSE such as space power system and 
many other features [4]. From burning biomass, specifically, the 
wood-pellet, an FPSEG was also used to produce alternative current 
up to 1kW of 240V, 50Hz [5]. Using single or ganged free-piston 
Stirling engine, potential for generating biomass power has been 
studied in [6]. 

 However, in this work, the FPSEG biomass system is used to 
produce electricity power using wood pellet as a heat source in the 
optimal operational condition. 

II. STATE  EQUATION AND INVERSE REFERENCE 
MODEL OF SINGLE PHASE INVER 

A. State equations of single phase inverter 
The voltage equation in the single-phase inverter circuit of Fig. 
1, is given by the following equations. 

  (1)  a  + b  = c. (1) (1) u
uv F u o

div L ri v
dt

= + +



INTERNATIONAL JOURNAL of SMART GRID  
K. Ahmadou et al., Vol.4, No.1, March, 2020 

 39 

  (2)  a  + b  = c. (1) (1) 

 Where, the terminal pair P-N is the DC input terminal of the 
inverter, the terminal pair u-v is an AC output terminal of the 
inverter. The terminal pair a-b is output terminal to the load, is 
the DC supply voltage, is the DC input current, and are the 
voltage and current of the output terminal of the inverter and, 
are the voltage and current of the output (load), and are the 
inductance, winding resistance and capacitance of the LC low 
pass filter (LPF) for the inverter output voltage and the current.  
is the output resistance. 

 
Fig. 1.  Single-phase Inverter Circuit. 

The state equation and output equation of the the plant at the time  
are given by the following equations, when the state variable 
is . 

 ( : transpose),  

The input is , the disturbance is  and the output is. 
 

                                                                                          (3) 

                                                                                          (4) 

When we define and as time constants of the 
output circuit, the coefficient matrices in (3) and (4) are given by the 
following equations: 

     , , ,  

 

 Equations (3) and (4) satisfy the following conditions: 

 (i) Controllable and observable. 
(ii) There is no zeros at the origin.  
(iii) It is a minimum phase system. 
(iv) Asymptotically stable without unstable poles.  

 

From the above conditions (ii) and (iii), the zeros of the plant become 
the poles of the inverse model, then (3) and (4) can give a stable 
inverse model. At time t, subscript 0 is added to all variables of the 
inverter circuit in the ideal state with no error in the inverter 
parameters, and the following equation is obtained    

                                    (5) 

                                                                                                           (6) 

If the measured load current can be set as a disturbance in (5), 

if the delay of the current sensor is ignored. 
 In (3) to (6), the deviation between the state variable and control 
input and output.  
 

                                                                                 
                                                                                                          (7) 
   

 

Then the following error system is obtained   

                                                                                                         (8) 

 
                                                                                                          (9) 

B.  Inverse reference model for voltage control   

 An inverse reference model (IRM) that calculates reversely input and 
state variables to achieve ideal output, is derived from the state (5) 
and (6) in the ideal state. For the first line of (5), if the differential 
operator is set to s and is obtained, the following equation is obtained. 

                                                                                                         (10) 

 

Then, for the second line of Eq. (5), we obtain (11).    

 

                                                                                                        (11) 

Equations (10) and (11) are not proper, then a first-order lag filter 
with time constant  having the same order as the numerator is 
added. Therefore, the following inverse reference model is obtained 
as the reference input  and disturbance  

                                                                                                        (12) 

                                                                                                        (13) 

 

C. ILQ optimal control response based on the proposed IRM 
1) LQ problem and solution in servo system of error model  

In error model (8) and (9), in order to converge  to zero and 

eliminate the steady deviation of its target “0”, a type-1 servo system 
appending one intergrator to the optimal regulator is shown in Fig. 2. 
Where  ,  are the state feedback gain and integral gain. 
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Fig. 2.  Configuration of the type-1 servo system for error 
model based on inverse reference model. 
Since the optimal servo controller in Fig. 2 has the same configuration 
as PI control only in the case of one input and one output, the optimal 
control of multivariable control can be positioned as a servo system 
developed from PI control to multidimensional feedback control.  

Next, in order to replace the optimal servo design problem to the LQ 
problem, a new state variable is defined, and the servo system in Fig. 
2 is equivalently converted to a closed loop system using only state 
feedback. 

                                                                                                        (14) 

Where is the initial value of the integration of . 

An equivalent transformed closed-loop system is called an extended 
system because it has a structure that includes a controller in the state 
feedback. If the state variables and input  
of the extended system are defined the following equation is obtained 
from (8), (9), and (14). 
 
                                                                                                         (15) 
 

The coefficient matrices are given by the following equation. 

                                                                                                       (16) 

From Fig. 2 and (14), following state feedback gain is obtained. 

                                                                                                         (17) 

 
As a result, the equivalent equation was transformed into a closed-
loop system in which state feedback (16) was applied to the state 
equation (15) of the expanded system. The LQ problem is given as a 
problem for finding a gain that minimizes the evaluation function 
given in quadratic form in a closed loop system. The evaluation 
function for the expanded state equation of (15) is given by the 

following equation using a positive definite weight matrix 
 

,  
 
                                                                                                      (18) 
 
Where,  is a weighting matrix in which the pair is 
detectable. 

The problem of stabilizing the closed-loop system and minimizing 
the evaluation function (17) is called the SLQ problem. The 
solution  of the following gain and optimal state feedback gain 
(Riccati equation). 

                                                                                                         (19) 

By solving (18) the optimal state feedback gain is given by the 
following equation. 

                                                                                                         (20) 

When pair is observable, the optimal solution  becomes 
positive. 
2) From the LQ problem to the ILQ design method 

The constant matrices  and in. (17) are  weights for making a 
trade-off between the response of the state variable and the control 
input. Generally, it is determined by trial and error by repeating 
simulations and experiments. In contrast, the ILQ design method, 
which is an inverse approach to the LQ problem leads to an optimal 
solution by a simple pole assignment problem that gives a response 
specification of a closed-loop system. The solution can be obtained 
analytically with good visibility. Therefore, an optimal solution that 
can be adapted to changes in plant parameters can be obtained in a 
short time. In a plant that satisfies the above condition (i) to (iii), 
using the non-singular matrix  and positive definite diagonal 
matrix and  according to the ILQ design 
method procedure. The ILQ optimal solution of (15) and (16) is given 
by: 

                                                                                                     (21) 

 
When, and are defined reference optimal gains 

then , and is gain adjustment 
parameter. 
 
3) Procedure for Deriving Reference Optimal Gain 
a) We obtain the relative degree of the i-th row of the transfer 
function matrix of the plant and confirm that the following 
decoupling matrix is non-singular. 
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     (22) 

 
Where        is the i-th row vector of the coefficient matrix C. 

b) we find the polynomial matrix derived from the coefficient 
matrices. 

 

                                                                                                       (23) 

 

Where   is a stable 
polynomial that determines the response specification of the closed-
loop system and  are its coefficients. 

c) The unknown gain of (20) that gives the optimal gain of the ILQ 
design method can be obtained from the following equation. 
 
                                                                                                         (24) 
 
In Fig. 2, when , the transfer function matrix (target transfer 
function) from the reference input to the output is given as a 
decoupling function with one-to-one correspondence between input 
and output.  
 
                                                                                                         (25) 
 
 
 
 
 
 
 
 
On the other hand, in the ILQ servo system in order to minimize and 
optimize equation (17), the following three conditions should be 
satisfied. 
 

 
 
 

                                                                                               (26)                  
 
Where， ， ，  
 
 
4) The analytical solution of ILQ optimal voltage control based on 
IRM of single-phase inverter.  
The error models (8) and (9) satisfy the above condition. Therefore, 
the ILQ design method can be applied. When the reference optimal 
gain in Fig. 2 is obtained according to the solution procedure in 

previous section, it is given as an analytical solution as shown in (25) 
to (27). 
Finally, we can obtain the ILQ analytique solution as: 
 

Target transfer function: 

                                                                                                        (27) 

 

                                                                                                         (28)  

                                                                                                         (29) 

 

III. SYSTEM COMPOSITION 

This system is based on the FPSEG using biomass as heat operation 
of the FPSEG consists of combustion using biomass, and cooling 
with water. The wood-pellets combustor provides heat to FPSEG’s 
head. Meanwhile, the other part of the FPSEG is cooled by water. 
The heat swirls the FPSEG’s head to warm the working helium gas. A 
temperature difference inside the FPSEG is induced by simultaneity 
from the cooling water. In fact, after starting up the FPSEG, the 
process of repeated heating and cooling of the FPSEG allows 
generating electricity. In fact, this cycle this repeated 25 times per 
second generating alternative current at 50Hz as shown in Table I and 
Table II. 
 

 
Fig. 3. Heat process system schematic 

 
 

Table I.  Specification of the FPSEG 
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Table II. Parameters of the single-phase inverter 

 

o 
 

 

1mH 
13mΩ 
11 µF 
10kΩ 

 

 

 

 

 

 

 

Fig. 4. Single-phase Inverter Circuit combine with FPSEG. 
In Fig.4, the FPSEG is generating an AC voltage and the voltage Vo 
is set base on the biomass heating. However, this voltage can be 
control by voltage sensor. The terminal pair a-b is an AC output 
terminal of the FPSEG and c-d is an DC input terminal of the 

converter. is the AC output current,   and  are the voltage 
and current of the input terminal of the       

converter,  and are the voltage and current of the output of the 
FPSEG. In the other hand, , , , are the inductance, 
winding resistance and capacitance of the LC low pass filter (LPF) 
for smoothing the converter input voltage and the current, is the 
output resistance. 

 

IV. Simulation and discussion 
In order to realize the stable production of electric power from the 
FPSEG, voltage command of inverter output passing through LC low 
pass filter is given as following sinusoidal waveform: 

  (30) 

Where  and w =200p [rad/s] are the effective value and angular 
frequency of the inverter output voltage, respectively. In order to 
evaluate the robustness of the proposed voltage control, is changed at 
170V, 225V and 170V with transient process. On the other hand, 
angular frequency is kept constant. Table III shows the condition for 
simulated verification and the voltage V=170V is more stable 
because it suppresses the temperature and get the maximum power by 
using the inverter. 
 

Table III. Condition for Numerical Simulation. 
 
 
 
 
 
 
 

Fig. 5 shows a result of numerical simulation. All symbols are 
referred to Fig. 4.  Inverter output voltage  is followed up to its 

command  in any condition, minimizing velocity error 
between   and , due to proposed type-1 servo system are 
reduced by applying an error model, based on the inverse reference 
model. 

 
 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Fig. 5. Simulation result for single phase inverter with FPSE 
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IV. CONCLUSION 
In this work we combine ILQ optimal controller with FPSEG used to 
generate power from biomass heat. The optimal and stable feedback 
gains are analytically determined by the ILQ designed method.  
Moreover, velocity errors due to type-1 servo system are reduced by 
applying an error model, based on the inverse reference model 
derived from voltage equation, to the ILQ servo-system. It is 
successfully obtained stable sinusoidal waveforms and excellent 
transient response to reference voltage command, suppressing 
distortion in the various loads with any power factor. Furthermore, 
this power generation system suitable for rural electrification disaster. 
Moreover, it can be used to supply the area where the national power 
grid has been damaged by eventual disaster. 
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